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A b s t r a c t  
A f i n i t e  element model was developed t o  solve 
f o r  t h e  a c o u s t i c  p ressure  f i e l d  i n  a nonhomogeneous 
r e g i o n .  The d e r i v a t i o n s  f rom t h e  govern ing  equa- 
t i o n s  assumed t h a t  t h e  m a t e r i a l  p r o p e r t i e s  c o u l d  
vary  w i t h  p o s i t i o n  r e s u l t i n g  I n  a nonhomogeneous 
v a r i a b l e  p r o p e r t y  two-d imensional  wave equat ion .  
Th is  e l i m i n a t e d  t h e  n e c e s s i t y  o f  f i n d i n g  the  bound- 
a r y  c o n d i t i o n s  between t h e  d i f f e r e n t  m a t e r i a l s .  
For a two media r e g i o n  c o n s i s t i n g  o f  p a r t  a i r  ( I n  
t h e  d u c t )  and p a r t  b u l k  absorber  ( i n  t h e  w a l l ) ,  a 
model was used t o  d e s c r i b e  t h e  b u l k  absorber  proper- 
t i e s  i n  two d i r e c t i o n s .  An exper iment  t o  v e r i f y  
t h e  numer ica l  t h e o r y  was conducted i n  a rec tangu lar  
d u c t  w i t h  no f l o w  and absorb ing  m a t e r i a l  mounted on 
one w a l l .  Changes i n  the  sound f i e l d ,  c o n s i s t i n g  
o f  p l a n a r  waves was measured on t h e  w a l l  oppos i te  
t h e  a b s o r b i n g  m a t e r i a l .  A s  a f u n c t i o n  o f  d is tance 
a long t h e  d u c t ,  f a i r l y  good agreement was found I n  
t h e  s t a n d i n g  wave p a t t e r n  upstream o f  t h e  absorber 
and i n  t h e  decay o f  p ressure  l e v e l  o p p o s i t e  
t h e  absorber .  
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Nomenclature 
amp1 I tude 
mode ampl i tude o f  p l u s  go ing  en t rance 
waves, Eq. (32) 
mode a m p l i t u d e  o f  r e f l e c t e d  n e g a t i v e  
go ing  en t rance waves, Eq. (32)  
mode ampl i tude o f  p l u s  go ing  e x i t  waves, 
c : a r a c t e r i s t i c  duc t  h e i g h t ,  chosen 
ba 
dimet?slonless en t rance h e i g h t ,  
bA/b 
d imens ion less  e x i t  h e i g h t  bt!,/b' 
e f f e c t i v e  speed o f  sound, Eq. (9)  
d i m e n s i o n l e f s  fpeed o f  sound,.\CIRTo, 
speed o f  sound, d x  
f i b e r  d iameter ,  dl/b: 
p r o p e r t y  t e n s o r ,  Eq. (30 )  
f requency 
Eq. (36)  
Eq. ( 5 ) .  (Co/Coa = 1 )  
d1mens)onjes.s heat t r a n s f e r  parameter, 
K'bA/poaCoa, Eq. (2OI4 
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wave number, Eq. (35 )  
a x i a l  modal wave number, Eq. (33)  
d imens ion less  l e n g t h ,  L 1 / b a  
non-dlmenslonal parameter, Eq. ( 6 )  
non-d lmenslonal  Darameters. Eas.  (17 . .  
and (18)  
mode number, Eq. (38) 
number o f  modes 
d1mensionle:s p ressure .  
p '  (X.Y,t)/poaCoi 
P r a n d t l  number 
d imens ion less  pressure ,  P(x,y. 
d imens ion less  gas c o n s t a n t ,  R 
exper imenta l  c o n s t a n t 4  
d imens ion less  temperature,  TA/TAa 
d imens ion less  t i m e ,  Eq. ( 1 )  
d lmevs lon less  a x l a l  a c o u s t i c  v e l o c i t y .  
d imevs ion less  t r a n s v e r s e  a c o u s t i c  v e l o c i t y ,  
d imens ion less  a x l a l  d i s t a n c e .  Eq. ( 1 )  
d imens ion less  t r a n s v e r s e  d i s t a n c e ,  Eq. ( 1 )  
s p e c i f i c  heat  r a t i o  
p r o p e r t y  cons tan t ,  Eqs. (25)  and (26)  
p o r o s i t y  
p r o p e r t y  c o n s t a n t ,  Eq. (27)  
f l u i d  k i n e m a t i c  v i s c o s i t y  
d imens ion less  d e n s i t y .  Eq. ( 2 ) ( p 0  = 1 )  
d imens ion less  v lscous  l o s s  c o e f f i c i e n t .  
u ' / c o a  
v ' / c o a  
~ 'bA/pAaCba 
v iscous  l e s s  c o e f f i c i e n t ,  Eq. (13 
d imens ion less  f requency,  W '  bQ/CAa 
angu lar  v e l o c i t y  
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S u b s c r i p t s  
a I n l e t  d u c t  c o n d l t l o n  
b e x l t  d u c t  c o n d l t l o n  
1 lth nodal  p o i n t  
0 ambl e n t  c o n d l  t i  ons 
X * Y  s c a l o r  vector components 
S u p e r s c r l p t s  
I dlmens 1 o n a l  quan t l  t y  
- approx imate f l n l t e  element s o l u t l o n  
Introduction 
The r e l a t l v e l y  hlgh f u e l  economy a v a l l a b l e  
f r o m  p r o p e l l e r - d r l v e n  a l r c r a f t  has renewed I n t e r e s t  
i n  h l g h  speed, h i g h l y  loaded. m u l t l p l e  b l a d e  t u r b o -  
p rop  p r o p u l s l o n  systems. The a c o u s t l c  t e s t l n g l  of 
a sca led  m u l t l p l e  blade p r o p e l l e r  has been c a r r i e d  
o u t  I n  the  9- by 15-Ft Low Speed Wlnd Tunnel a t  NASA 
Lewls Research Center.  Under s imu la ted  f l i g h t  con- 
d l t l o n s  l n  t h e  w lnd  tunne l ,  l t  I s  d e s l r a b l e  t o  meas- 
u r e  b o t h  a c o u s t l c  ampl t tude and d l r e c t l v l t y  t o  h e l p  
f u l l y  c h a r a c t e r l z e  the p r o p e l l e r  n o l s e  source. T h l s  
i s  n o t  p o s s l b l e  I f  r e f l e c t l o n s  f rom t h e  wlnd t u n n e l  
w a l l s  a r e  I n t e r f e r i n g  w i t h  the  d l r e c t  sound. Conse- 
q u e n t l y ,  t he  NASA Lewls 9- by 15-Ft Low Speed Wind 
Tunnel was a c o u s t i c a l l y  l i n e d  t o  reduce t u n n e l  
r e v e r b e r a t i o n s .  
A t  t h e  same t l m e  as measurements were made I n  
t h e  wlnd t u n n e l ,  ana lys ls  was done t o  p r o v l d e  d a t a  
on how the  measurements were a f f e c t e d  by v a r i o u s  
a c o u s t l c  parameters.  I n  Ref.  2 ,  Baumelster and 
Eversman used f l n l t e  element t h e o r y  t o  c a l c u l a t e  t h e  
a c o u s t l c  f l e l d  o f  a p r o p e l l e r  I n  a s o f t  w a l l e d  wlnd 
t u n n e l  and compared t h e s e  r e s u l t s  t o  the  r a d l a t l o n  
p a t t e r n s  o f  t h e  same p r o p e l l e r  I n  f r e e  space. They 
found t h a t  compl ica ted  pressure  f i e l d s  e x i s t  I n  a 
l i n e d  wlnd t u n n e l  and t h a t  o n l y  over l l m l t e d  por -  
t l o n s  o f  t h e  t u n n e l  can measurements approx lmat lng  
t h e  f r e e  f l e l d  be obtalned. 
The hard  Helmholtz r e s o n a t o r  c a v l t y  and a b u l k  
f i b r o u s  absorber  a r e  the most common m a t e r l a l s  
employed t o  a t t e n u a t e  sound. A b u l k  absorber  c a l l e d  
K e v l a r  was chosen as the w a l l  absorb lng  m a t e r l a l  I n  
t h e  9- by 15- F t  NASA L e w l s  Wlnd Tunnel. Deslgn 
and c o n s t r u c t i o n  o f  t h e  w a l l  l l n e r  was per formed a t  
NASA Lewls and I s  documented I n  Ref. 3. I n  c o n t r a s t  
t o  a l o c a l l y  r e a c t l n g  l l n e r ,  such as the  He lmho l tz  
r e s o n a t o r  shown I n  F l g .  l ( a ) .  t h e  b u l k  extended 
r e a c t i o n  l l n e r  permi ts  wave p r o p a g a t l o n  I n  t h e  a x l a l  
d l r e c t l o n .  as shown l n  F l g .  l ( b ) .  
I n  Ref.  2 ,  t h e  absorblng c h a r a c t e r l s t l c s  of t h e  
wlnd t u n n e l  w a l l s  were modeled by a p p l y l n g  t h e  c l a s -  
s i c a l  adml t tance boundary c o n d l t l o n s  a t  t h e  t u n n e l  
w a l l s .  Consequently, wave p r o p a g a t l o n  i n  t h e  a x l a l  
d l r e c t l o n  I n  t h e  b u l k  l l n e r  was n o t  cons idered.  The 
p r e s e n t  l n v e s t l g a t l o n  w i l l  use f l n l t e  element t h e o r y  
t o  develop a model t o  c o n v e n l e n t l y  handle wave prop- 
a g a t l o n  I n  b u l k  m a t e r l a l  as w e l l  as I n  any lnhomog- 
eneous medium. The absorblng c h a r a c t e r l s t l c s  of t h e  
b u l k  m a t e r l a l  used I n  t h l s  model r e l y  on t h e  theo-  
r e t i c a l  development presented by Hersh.4 
F i r s t ,  t he  geometr ic  model and t h e  a p p r o p r i a t e  
govern lng  equat lons  and boundary c o n d i t i o n s  w l l l  be 
p resented .  N e x t ,  the  f l n l t e  element procedure f o r  
s o l v l n g  the  problem w l l l  be d lscussed.  Then, a 
numer ica l  s o l u t l o n  and an a n a l y t l c a l  s o l u t l o n  t o  a 
t e s t  problem w l l l  be compared. F l n a l l y ,  t h e  r e s u l t s  
o f  a v a l l d a t l o n  exper iment  w l l l  be d lscussed and 
compared t o  t h e o r y .  
Geometr lca l  Model 
I n  t h e  f l n l t e  element model o f  a t u n n e l  w i t h  
b u l k  absorb lng  m a t e r l a l s  a long t h e  w a l l ,  t h e  p r e s e n t  
paper w l l l  focus  on t h e  I n t e r a c t i o n  o f  p r o p a g a t l n g  
d u c t  modes w l t h  t h e  w a l l  l l n l n g  as shown I n  F lg .  2 .  
I n  t h e  un t fo rm,  l n f l n l t e l y  l o n g  en t rance and e x l t  
r e g i o n s  w l t h  p e r f e c t l y  hard  w a l l ,  t h e  exac t  s o l u t l o n  
o f  t h e  govern lng  d l f f e r e n t l a l  equat lons  can be 
e a s i l y  w r i t t e n  I n  terms o f  t h e  d u c t  modes. 
c e n t r a l  r e g i o n  whlch I n c l u d e s  b o t h  t h e  d u c t  and the  
f l b r o u s  absorb lng  r e g l o n ,  t h e  f l n l t e  element a n a l y -  
s i s  l s  employed t o  determine t h e  r e s s u r e  f l e l d  I n  
t h l s  nonun i fo rm r e g i o n .  Pressure waves p r o p a g a t l n g  
down t h e  d u c t  a r e  e l t h e r  r e f l e c t e d ,  t r a n s m l t t e d  o r  
absorbed by the  nonun i fo rm segment o f  t h e  d u c t .  
absorb lng  r e g l o n  and t r a n s m i s s i o n  a t  t h e  o u t l e t  o f  
t h e  absorb lng  r e g i o n  a r e  modeled by match lng  t h e  
f l n l t e  element s o l u t l o n  i n  t h e  I n t e r i o r  o f  t h e  cen- 
t r a l  r e g i o n  t o  t h e  known a n a l y t l c a l  e lgen f u n c t l o n  
expansions I n  t h e  u n l f o r m  I n l e t  and o u t l e t  d u c t s .  
Th ls  p e r m l t s  a mu l t lmoda l  r e p r e s e n t a t l o n  a c c o u n t i n g  
f o r  r e f l e c t l o n  and mode convers lon  by t h e  nonun l fo rm 
absorb lng  s e c t i o n .  T h l s  approach has been found t o  
a c c u r a t e l y  model r e f l e c t l o n  and t r a n s m l s s l o n  
c o e f f l  c I e n t s  .5 
I n  t h e  
Pressure mode r e f l e c t l o n  a t  t h e  I n l e t  t o  t h e  
Governlnq Equat lons 
The g o v e r n l n g  equat lons  a r e  t h e  s t a t e ,  c o n t l n u -  
l t y ,  and momentum l l n e a r l z e d  gas dynamlcs equat ions  
l n  t h e  absence o f  a mean f l o w .  I n  t h e  f l b r o u s  mate- 
r i a l ,  t h e  Hersh form4 o f  t h e  govern lng  equat ions  
w l l l  be employed. By t r e a t i n g  t h e  b u l k  m a t e r l a l  as 
a momentum and thermal  s lnk ,  Hersh m o d l f l e d  t h e  con- 
v e n t l o n a l  l l n e a r l z e d  gas e q u a t l o n  such t h a t  new 
complex p r o p a g a t l o n  cons tan ts  would account  f o r  
a c o u s t l c  energy a b s o r p t i o n  I n  the  m a t e r l a l .  
development was semi -empl r l ca l  s i n c e  an a d j u s t a b l e  
c o n s t a n t  was employed; however, t h e  d lmens lona l  
parameters developed appear t o  a c c u r a t e l y  f o l l o w  
exper lmenta l  t r e n d s .  D l f f e r e n t  s e t s  o f  c o n s t a n t s  
were determlned f o r  t h e  f i b e r s  o r l e n t e d  perpend lcu-  
l a r  t o  o r  p a r a l l e l  t o  t h e  l n c l d e n t  sound p a r t l c l e  
v e l o c l t y  f l e l d .  Consequently, some p r o p e r t l e s  I n  
t h e  f o l l o w i n g  e q u a t l o n  w l l l  be s u b s c r l p t e d  w i t h  
e l t h e r  x o r  y t o  I n d i c a t e  a n l s o t r o p l c  b e h a v i o r .  
The Hersh model4 was developed f o r  a c o u s t l c  
p r o p a g a t l o n  I n  one d lmenslon.  Here ln ,  t h e  model 
w l l l  be extended t o  two-d lmenslonal  p ropagat lon .  
The 
The d l f f e r e n t l a l  equat ions  used h e r e i n  a r e  p u t  
I n  non-d lmenslonal  f o r m  fo rm u s l n g  
I 
( 1 )  
'oa X '  
ba ba ba 
t= t ' - - ;  x = ,  y =  
2 
I n  t h e  f o r e g o i n g  equat ions .  t h e  pr lme,  I ,  I s  used t o  
denote a d lmens lona l  q u a n t i t y  and t h e  umprlmed 
d e f i n e s  a d lmens lon less  q u a n t i t y .  Th ls  convent lon 
w l l l  be used th roughout  t h l s  paper. These and a l l  
o t h e r  symbols used I n  t h e  r e p o r t  a r e  d e f l n e d  I n  t h e  
Nomenclature. Genera l l y ,  c o n v e n t l o n a l  a c o u s t l c  
n o t a t i o n  w l l l  be used so t h a t  t h e  s l g n l f l c a n c e  of  
most symbols a r e  r e a d l l y  recognlzed.  
Eauat lon  o f  S t a t e  
The e q u a t l o n  r e l a t l n g  a c o u s t l c  p ressure  and 
d e n s l t y  used I n  t h e  b u l k  absorber  was d e r l v e d  I n  
Ref. 4 u s i n g  a one-dlmenslonal model f o r  t h e  heat 
. t r a n s f e r  between t h e  sound f j e l d  and t h e  f l b e r s .  
The heat  t r a n s f e r  e q u a t l o n  was used t o  determlne a 
r e l a t l o n s h l p  between temperature and d e n s l t y  per- 
t u r b a t l o n s  I n  t h e  f l u l d  sur round lng  t h e  f l b e r s .  
Th ls  r e l a t l o n s h l p  and t h e  l l n e a r l z e d  p e r f e c t  gas 
law y l e l d e d  t h e  f o l l o w l n g  r e l a t l o n s h l p  between pres 
sure  and d e n s i t y  p e r t u r b a t l o n s  whlch a r e  assumed t o  
h o l d  I n  two-dlmenslons: 
where t h e  d lmens lon less  f requency w I s  d e f i n e d  as 
( 4 )  
o ' b a '  
':a 
o=- 
The parameters K I s  d e f l n e d  I n  Ref. 4 as 
{Eq. (21)  Ref. 41 ( 5 )  
where 
I 
L I n 
3 
.La- 
d - 5.4,/-[1 t 3.94(1 - C) I 
{Eq. (18b) Ref. 4) ( 6 )  
I n  Eqs. ( 3 )  and (5) .  t h e  symbol K denotes a 
heat  t r a n s f e r  parameter  t h a t  I s  connected t o  the  
p r o p e r t l e s  o f  t h e  f l u l d  medlum and t h e  f l b e r  
m a t e r i a l  (Eq. ( 2 0 ) ) . 4  
correspond t o  t h e  I s o t h e r m a l  and a d l a b a t l c  r e l a t l o n -  
s h l p s  between t h e  p r e s s u r e  P and d e n s l t y  p .  A t  
v e r y  low f r e q u e n c l e s  where ln 
The two l l m l t l n g  cases o f  t h e  s t a t e  equat lon  
K/poo >> 1, 
P(X,y t t )  RTop(x,Y.t) (7) 
whlch  r e p r e s e n t s  t h e  Iso thermal  r e l a t l o n s h l p .  A t  
v e r y  h l g h  f r e q u e n c l e s ,  where ln K/p0o << 1 .  
t h e  a d l a b a t l c  r e l a t l o n s h l p  l s  recovered.  Fur ther  
l n t e r p r e t a t l o n  of Eq. ( 3 )  can be found I n  Ref. 4. 
For  s l m p l l c l t y .  I n  t h e  genera l  case as g lven by 
Eq. ( 3 ) .  t h e  e f f e c t l v e  speed of sound I s  now def lned 
as 
Thus, t h e  e q u a t l o n  o f  s t a t e  can now be w r i t t e n  as 
P(X,Y,t) = C $ P ( X , Y . t )  (10) 
C o n t i n u i t y  Equat ion  
The c o n t l n u l t y  equat lon  I n  t h e  b u l k  m a t e r l a l  
can be w r i t t e n  as 
where 6 represents  t h e  p o r o s i t y  o f  t h e  medium. I n  
t h e  maln I n l e t  channel  w i t h o u t  f i b e r s ,  6 has a 
va lue  o f  u n l t y .  I n  t h e  f i b r o u s  m a t e r i a l  6 'Is a 
f r a c t l o n  l e s s  t h a n  one whose v a l u e  depends on t h e  
pack lng  d e n s l t y  o f  t h e  m a t e r l a l .  I n  t h l s  c o n t l n u l t y  
equat lon ,  t h e  p a r t i c l e  mass f l o w  I s  conserved where 
t h e  a i r  ( o r  any gas) d e n s l t y  p o  i s  c o n s t a n t  I n  t h e  
medium and I n  t h e  a i r  gaps sur round lng  t h e  f i b e r s .  
S u b s t i t u t l n g  t h e  e q u a t l o n  o f  s t a t e .  Eq. ( 1 0 ) .  
I n t o  Eq. (11)  and t a k i n g  t h e  d e r i v a t l v e  w i t h  r e s p e c t  
t o  t l m e  y l e l d s  
2 2 2 
~ + U + - L ~  0 
atax  a tay  2 at2 = 
PoCe 
Momentum Eauat lons 
The x and y momentum e q u a t l o n  can be 
w r l t t e n  as 
Here, t h e  momentum equat lons  have been e m p l r l c a l l y  
m o d l f l e d  w i t h  a v lscous  l o s s  c o e f f i c i e n t  a 
(Eq. 13, Ref. 4) r e s u l t l n g  f r o m  s k l n  f r l c t l o n ,  
shear s t r e s s e s  and drag.  
where V, and Vp a r e  a r b l t r a r y  cons tan ts  
based on measurements and t h e  parameters 
and Lv,p a r e  those used I n  Ref. 4 
LV,n 
1 
- 1 6 c 6 [ 1  t 14.75(1 - 6) 3 I 
(Eq.  12, Ref .  4 )  (17)  
and 
1 
3.94(1 - c)  [ 1  t 27(1 - 6) 1 
L s= 
0.413 3 
{Eq. 11. Ref. 4 )  (18)  
3 
This  I s  an e x t e n s l o n  o f  t h e  one-dlmenslonal model 
used I n  Ref.  4 whlch used a v lscous l o s s  c o e f f l -  
c l e n t  cor respond ing  t o  
(29)  
v * ( E * v p } t r w p = o  2 
where t h e  p r o p e r t y  t e n s o r  5 l s  represented  by 
a = a t a [Eq. 13, Ref.  4 )  (19)  
X Y  
The x momentum Eq. (13) can be r e w r l t t e n  I n  t h e  
f o r m  
where u has been assumed t o  be a harmonic f u n c t i o n  
of t l m e .  Thus, 
Tak lng t h e  x d e r l v a t l v e  o f  Eq. (21) y l z l d s  
r 
Wave Equat lon  
S u b s t l t u t l n g  Eq. (22) and the  s l m l l a r  y f o r m  
o f  t h e  momentum equat lon I n t o  t h e  m o d l f l e d  fo rm o f  
the  c o n t l n u l t y  Eq. (12)  y i e l d s  
r 
(23)  
Assumlng, t he  pressure  p e r t u r b a t l o n  P t o  be 
harmonlc i n  t lme,  
P ( x . y , t )  = p (x .y )  elwt 
Ea. (231 becomes 
(24)  
For  s l m p l l c l t y ,  l e t  
c 
2 v =  
PoCe 
Thus, t h e  wave equat lon  becomes 
Equat ion  (28) represents  t h e  govern lng  wave e q u a t l o n  
t o  be so lved by f l n l t e  element t h e o r y .  
For l a t e r  use I n  a p p l y l n g  the  f l n l t e  element 
theory ,  I t  I s  convenlent  t o  express Eq. (28) I n  
v e c t o r  form, 
and t h e  v e c t o r  p r o d u c t  o f  t he  t e n s o r  E and a 
v e c t o r  vp f o l l o w s  the  common d e f l n l t l o n  
(Eq. A.4-19, Ref.6) 
U n l f o r m  Duct A n a l y t i c a l  S o l u t l o n s  
The a n a l y t i c a l  s o l u t l o n s  o f  Eq. (28)  f o r  wave 
p r o p a g a t i o n  I n  a u n l f o r m  hard  w a l l  d u c t  hav ing  an 
anechoic  en t rance and e x l t  w l l l  be employed t o  g l v e  
t h e  t e r m l n a t l o n  boundary c o n d l t l o n  f o r  t h e  f l n l t e  
element r e g l o n .  The a n a l y t l c a l  s o l u t i o n  f o r  p r e s -  
sure  waves t r a v e l l n g  between p a r a l l e l  hard  p l a t e s  
where t h e  boundary c o n d l t l o n  l s  
= = O  a t  y = O  and y = b a  (31)  ay 
i s  g i v e n  as (see f o r  example Ref .  7, p .  504) 
Y 
t l k x n x  
(32)  
n = l  
For  t h e  elwt t l m e  dependance used here,  t he  
A i e  xn te rm represents  a wave p r o p a g a t l n g  
l n  the  p o s l t l v e  x d l r e c t l o n  w h l l e  t h e  A i e  
represents  a wave movlng l n  the  n e g a t l v e  
d i  rec t ion .  
-1k x 
I k x n x  
x 
The a x i a l  wave number k, I n  Eq. (23 )  I s  .... 
(33) kxn  bak - 
The modal express lon  represented  by Eq. (32)  
has been t r u n c a t e d  t o  a t o t a l  o f  
l n f l n l t e  number p o s s l b l e .  Thus, a t o t a l  o f  N, 
unknown modal ampl l tudes  
been I n t r o d u c e d .  The A t  terms w i l l  be assumed as 
known. N, c o n s t r a l n t  equat lons  w l l l  be r e q u l r e d  
t o  de termlne each o f  these unknown r e f l e c t i o n  c o e f -  
f i c i e n t s .  The equat lons  used t o  d e f i n e  these coef -  
f l c l e n t s  w l l l  be I n t r o d u c e d  I n  t h e  f o l l o w i n g  s e c t l o n  
on boundary c o n d i t i o n s .  
o n l y  p o s i t i v e  g o l n g  waves a r e  cons ldered 
N, modes o f  t he  
AT,  A2. -- ANm have 
A s l m l l a r  s o l u t l o n  e x i s t s  a t  t h e  eX!t, except 
N 
where kxn I n  Eq. (36)  I s  based on c h a r a c t e r l s t l c  
d u c t  h e i g h t  o f  e x l t  bb. 
Boundary C o n d l t m  
A v a r l e t y  o f  boundary c o n d l t l o n s  w l l l  be used 
i n  t h e  f l n l t e  element s o l u t i o n  o f  Eq. (28)  f o r  the 
model problem which l s  d l s p l a y e d  I n  schematlc form 
I n  F l g .  4. Each o f  t h e  r e q u i r e d  c o n d i t i o n s  w l l l  now 
be b r i e f l y  d iscussed.  
j ~ u  t C on d 'I t 1 on 
The a n a l y s i s  assumes a g l v e n  number N, o f  
p r o p a g a t i n g  A,+ modes (see Eq. ( 3 2 ) ) .  These modes 
e f f e c t l v e l y  s e t  t h e  l e v e l  o f  t h e  s c a l a r  p ressure  
f i e l d  i n  t h e  f l n l t e  element r e g l o n  and can be vlewed 
as t h e  e q u i v a l e n t  D l r l c h l e t  boundary c o n d l t l o n s  
r e q u i r e d  f o r  e l l l p t l c  boundary v a l u e  problems as 
d e f l n e d  by Eq. (28) .  
Pressure C o n t l n u l t y  a t  I n l e t  and O u t l e t  
I n  genera l ,  t h e  s c a l a r  p r e s s u r e  f l e l d  I s  con- 
t i n u o u s  across  an I n t e r f a c e  except  where sources 
a r e  p r e s e n t .  Thus, t h e  boundary c o n d l t l o n  a t  the 
i n t e r f a c e  between t h e  en t rance d u c t  and t h e  f l n l t e  
element r e g l o n  r e q u l r e s  
(37) 
where Pa I s  t h e  modal r e p r e s e n t a t l o n  o f  t h e  
s c a l a r  p r e s s u r e  f l e l d  I n  t h e  a n a l y t l c a l  I n l e t  
r e g l o n  g l v e n  by Eq. (32)  and p represents  t h e  
f i n i t e  e lement  approx imat ion  f o r  p r e s s u r e  a t  the 
I n t e r f a c e .  The h a t  over  p I m p l i e s  an approximate 
f l n l t e  element numer lca l  s o l u t i o n  t o  t h e  t r u e  
s o l u t i o n .  
A t  t h e  I n l e t  I n t e r f a c e ,  shown by t h e  dashed 
l l n e  I n  F i g .  4, t h e  s c a l a r  p r e s s u r e  
l y t l c a l  r e g l o n  g l v e n  by Eq. (32)  must match t h e  pres- 
sure  f i e l d  d e f i n e d  by t h e  f l n l t e  e lement  modal p o l n t s  
a l o n g  t h e  boundary I n t e r f a c e .  A we igh ted  r e s i d u a l  
approach was used h e r e l n  w l t h  t h e  w e l g h t i n g  f u n c t i o n  
equal  t o  t h e  e lgen f u n c t l o n s .  
Pa I n  t h e  ana- 
(38)  
(Nm equat ions  m = 1.2.3, - - - Nm) 
Equat lon  (38)  represents  Nm separa te  equat ions;  
one f o r  each c o e f f l c l e n t  d e f i n e d  I n  Eq. (32) .  The 
symbol m has been I n t r o d u c e d  f o r  t h e  mode number 
e q u a t l o n  t o  make I t  d l s t l n c t  f r o m  t h e  m u l t l p l e  n 
mode number t h a t  make up t h e  Pa and Pb a n a l y t -  
I c a l  f u n c t i o n s .  
A t  t h e  e x i t ,  
(39)  
V e l o c i t y  C o n t i n u l t y  
a c o u s t i c  v e l o c l t y  must a l s o  be cont inuous  across  t h e  
I n t e r f a c e  t o  t h e  f l n l t e  element r e g l o n .  
I n  a d d l t l o n  t o  p ressure  c o n t i n u i t y .  t h e  a x i a l  
u = u  ( X  = 0; 0 < y < ba) (40)  a 
Again. Ua I s  t h e  modal r e p r e s e n t a t l o n  o f  t h e  
s c a l a r  a x l a 1  v e l o c i t y  f i e l d  I n  t h e  a n a l y t l c a l  s o l u -  
t i o n  and u r e p r e s e n t s  t h e  approx imate  f l n l t e  e l e -  
ment s o l u t l o n .  Us lng  t h e  momentum equat ions  
(Eq. ( 2 1 ) )  t o  express t h e  a x i a l  v e l o c i t y  I n  t e r m  o f  
t h e  pressure  f i e l d  y l e l d s  
where a g a l n  an ,+lot t i m e  dependance has been 
assumed. The weak f o r m  o f  t h e  f l n l t e  e lement  s o l u -  
t i o n  w i l l  be employed I n  t h e  s o l u t l o n  o f  t h i s  p rob-  
lem. I n  t h i s  form, a contour  I n t e g r a l  t e r m  w l l l  be 
developed which w l l l  c o n t a i n  a n a t u r a l  boundary con- 
d l t l o n  o f  t h e  f o r m  vp * n where n r e p r e s e n t s  t h e  
u n l t  outward normal .  Equat ion  ( 4 1 )  can now be 
genera l  1 zed t o  
and a t  t h e  e x l t  
I n  genera l ,  t h e  g r a d l e n t  o f  t h e  p r e s s u r e  f i e l d  I s  
cont lnuous  except  where t h e r e  I s  a s t e p  change I n  
d e n s i t y .  The s i g n  change I n  Eqs. (42)  and (43)  
comes d i r e c t l y  f r o m  t h e  d l r e c t l o n a l  change o f  t h e  
u n l t  outward normal .  
Hard Wal l -Boundary C o n d l t l o n  
A t  t h e  hard  w a l l s  shown I n  F i g .  4, t h e  t r a n s -  
verse  a c o u s t i c  v e l o c i t y  I s  zero.  Agaln. u s l n g  t h e  
momentum equat lons  t o  r e l a t e  t h e  a c o u s t l c  v e l o c i t y  
t o  t h e  p r e s s u r e  f l e l d s  r e q u i r e s  
v p * i i = o  (44)  
FINITE ELEMENT THEORY 
The f l n l t e  element f o r m u l a t i o n  o f  t h e  lnhomog- 
eneous wave e q u a t l o n  I s  now generated by u s l n g  t h e  
we igh ted  r e s l d u a l  approach w l t h  t h e  G a l e r k i n  approx- 
l m a t l o n  t o  o b t a i n  an I n t e g r a l  f o r m  o f  t h e  v a r l a b l e  
p r o p e r t y  wave e q u a t i o n  over  t h e  whole ( g l o b a l )  
domal n . 
The cont inuous  domaln D I s  f i r s t  d l v l d e d  I n t o  
a number o f  d l s c r e t e  areas as shown i n  F i g .  2. The 
p a r t l c u l a r  p a t t e r n  chosen has been found t o  g l v e  
a c c u r a t e  r e s u l t s  f o r  a mlnlmum number o f  e lements.8 
I n  t h e  c l a s s l c a l  weighted r e s l d u a l  manner, t h e  
pressure  f i e l d  I s  c u r v e  f l t t e d  I n  terms o f  a l l  t h e  
unknown modal va lues  p l ( x l , y 1 ) .  The f l n l t e  element 
aspects  of c o n v e r t l n g  Eq. (28)  and t h e  boundary con- 
d l t l o n s  I n t o  an a p p r o p r l a t e  s e t  o f  g l o b a l  d l f f e r e n c e  
equat lons  can be found I n  t e x t  books (e.g.. Ref. 9 )  
as w e l l  as Ref .  10  and f o r  conc iseness w l l l  n o t  be 
presented  h e r e l n .  I n  Ref. 10, an e x a c t  f l n l t e  e l e -  
ment analog o f  Eq. (28)  f o r  e l e c t r o m a g n a t l c  propaga- 
5 
t l o n  has been so lved by G a l e r k l n  f l n l t e  element 
t h e o r y  w i t h  l l n e a r  elements. 
Exper lmenta l  Apparatus and Procedure 
A t e s t  apparatus was c o n s t r u c t e d  t o  v e r l f y  t h e  
numer lca l  t h e o r i e s  f o r  a tunne l  hav lng  a f l b r o u s  
absorb ing  w a l l  and no mean f l o w .  The genera l  acous- 
t i c  d u c t  system descr lbed I n  Ref .  11 was m o d l f l e d  
i n t o  t h e  s lmp le  no- f low apparatus as shown schemat- 
i c a l l y  'in F l g .  3. The system was adapted t o  simu- 
l a t e  p lane wave propagat lon  i n  an l n f l n l t e  d u c t .  
The f o l l o w l n g  paragraphs d e s c r l b e  t h e  a c o u s t l c  sys- 
tem l n c l u d l n g  components and genera l  o p e r a t l o n .  
Source 
Sound was generated by a 120 W, 300 Hz t o  6 kHz 
dr!ve:. I n  t h e  experlment r e p o r t e d  h e r e l n ,  a random 
n o l s e  genera tor  p rov ided a s i g n a l  t o  t h e  a m p l l f l e r  
whlch I n  t u r n  powers the a c o u s t i c  d r i v e r .  The d u c t  
temperature was a t  28 O C .  Since t h e  f l r s t  nonplane 
mode beglns propagat lng  a t  a f requency  o f  1701 Hz. 
t h e  c h o l c e  o f  1560 Hz f o r  t h e  d a t a  f requency guaran- 
tees t h a t  o n l y  p l a n e  waves w l l l  p ropagate I n  t h e  
s t r a i g h t  p o r t l o n  o f  the d u c t  f a r  f r o m  t h e  f l b r o u s  
a b s o r p t l o n  area.  
Tes t  S e c t l o n  ______ 
The sound t r a v e l s  through a 10 by 3.81 cm r e c -  
t a n g u l a r  t e s t  s e c t l o n .  Th ls  1 . 4  m l o n g  s e c t l o n  
c o n s l s t s  o f  16 f l a t  detachable p l a t e s  ( e l g h t  on t o p  
and e l g h t  on bo t tom) .  The f l b r o u s  absorb ing  t e s t  
p lece ,  t o  be descr lbed s h o r t l y ,  was i n s e r t e d  I n  
p l a c e  o f  t h e  bo t tom f l a t  p l e c e  a t  l o c a t l o n  f l v e .  
An e x p o n e n t i a l  h o r n  was a l s o  a t t a c h e d  t o  t h e  down- 
s t ream end o f  t h e  t e s t  s e c t l o n .  For these e x p e r l -  
ments. t h e  h o r n  was f l t t e d  w l t h  an a c o u s t l c  foam 
wedge t o  absorb t h e  l n c l d e n t  sound t o  approx lmate 
an anecholc t e r m l n a t l o n .  T h l s  anecholc  t e r m l n a t l o n  
s lmu la tes  t h e  l n f l n l t e l y  l o n g  e x l t  d u c t  assumed i n  
t h e  a n a l y s t s .  
F ib rous  Tes t  P lece  
The f l b e r  t e s t  p lece was c o n s t r u c t e d  f r o m  epoxy 
and meta l .  A 4.6 cm deep by 14.36 cm l o n g  and 
9.2 cm wlde  c a v l t y  was f l l l e d  w i t h  K e v l a r  f i b e r s  
w i t h  a o v e r a l l  d e n s l t y  o f  0.00792 g/cc. a mean f l b e r  
d lameter  o f  0.61254 mm and w l t h  an e f f e c t i v e  poros-  
i t y  6 o f  0.9945. A four  mesh meta l  screen covered 
t h e  f a c e  as w e l l  as compresslng t h e  K e l v a r  I n  t h e  
c a v l  t y  . 
Microphone I n s t a l l a t l o n  
Two 0.64 cm (114 i n . )  d iameter  condenser m l c r o -  
phones were used t o  determlne t h e  a c o u s t i c  f i e l d .  
The mlcrophone des lgnated (A) was used t o  m o n l t o r  
t h e  source s t r e n g t h  of the  s i g n a l ,  w h l l e  mlcrophone 
(B) was used t o  determlne t h e  p r e s s u r e  and phase 
ang le  a l o n g  t h e  f l a t  sur face above t h e  f l b r o u s  
a b s o r p t i o n  t e s t  p l e c e .  The o u t p u t  o f  each mlc ro-  
phone was ana lyzed t o  determlne t h e  r.m.s. p r e s s u r e  
a t  a t e s t  f requency of 1560 H z .  The f l a t  mlcrophone 
t e s t  h o l d e r  p l a t e  1 s  shown I n  F i g .  4 a long w i t h  t h e  
f l b r o u s  a b s o r p t l o n  p lece mounted l n  t h e  d u c t .  Three 
microphone h o l d e r  p l a t e s  were mounted above t h e  
f l b r o u s  a b s o r p t l o n  t e s t  p l e c e  a t  l o c a t i o n s  4, 5 ,  
and 6 shown I n  F l g .  3. T h l s  alumlnum mlcrophone 
p l a t e  was f a b r l c a t e d  w i t h  0.64 cm (1 /4  I n . )  d lameter  
ho les  whlch a l l o w e d  one mlcrophone (B) t o  be t r a -  
versed I n  t h e  a x l a l  d i r e c t l o n  i n  Increments o f  
0.953 cm ( 3 / 8  i n . ) .  The mlcrophone h o l d e r  p l a t e s  
were f a b r i c a t e d  w i t h  an i n s u l a t o r  i n  each ho le ,  so 
t h a t  t h e  mlcrophones were e l e c t r i c a l l y  I n s u l a t e d  
f rom t h e  t e s t  p l a t e .  D u r i n g  a measurement. t h e  
microphone's  membrane was p o s l t l o n e d  f l u x  w l t h  t h e  
sur face  o f  t h e  t e s t  p l a t e  ( p r o t e c t l v e  s h l e l d s  were 
removed). 
25 kHz. a s tandard  a c o u s t i c  source was used t o  
check t h e  system a m p l l f l c a t l o n .  The measured ( n o r -  
m a l l z e d )  r.m.s. a c o u s t l c  p ressures  a r e  shown I n  
Table 1.  The l e n g t h s  a r e  normal lzed  t o  t h e  d u c t  
h e i g h t  (3.81 cm) and t h e  rms a c o u s t i c  p ressures  a r e  
normal lzed  by mlcrophone ( A ) .  The f l b e r o u s  m a t e r i a l  
beglns a t  x/3.81 o f  4.47 and ends a t  8.167. 
The response o f  these mlcrophones was f l a t  t o  
D l s c u s s l o n  o f  Res i i l t s  
For t h e o r y  and code v a l i d a t i o n .  t h e  f i n i t e  
element s o l u t l o n  i s  f l r s t  a p p l l e d  t o  a case where 
an exac t  a n a l y t l c a l  s o l u t l o n  e x i s t s .  Next ,  t h e  
exper lmenta l  r e s u l t s  a r e  compared t o  t h e o r e t i c a l  
p r e d l c t l o n s .  
R e f l e c t l o n  and Transml-xslon W l t h  Normal I n c l d e n c e  
The f l r s t  case cons iders  a s t e p  change l n  mate- 
r i a l  d e n s l t y  f r o m  a non-d lmenslonal  va lue  o f  1 t o  a 
va lue  o f  4 a t  an a x l a l  p o s i t l o n  o f  x equal  t o  0.25 
l n s l d e  t h e  f l n l t e  e lement  g r l d .  I n  t h l s  case, t h e  
p o r o s i t y  I s  u n l t y ,  and t h e  v lscous  l o s s  c o e f f i c i e n t s  
,d:d ?ake on t h e  r e a l  va lues  o f  1 and 4. respec-  
t i v e l y .  The p parameter  was assumed t o  be 1 and 
t h e  d lmens lon less  l n c l d e n t  f requency  was assumed t o  
be 2n. 
As shown I n  F l g .  5. t h e  f l n l t e  element and 
exac t  a n a l y t l c a l  t h e o r i e s  ( R e f .  12, p, 83) a r e  l n  
e x c e l l e n t  agreement f o r  t h e  r m s  p ressure .  
r e f l e c t l o n s  f r o m  t h e  i n t e r f a c e  between t h e  two den- 
s i t y  changes a r e  c l e a r l y  represented  by t h e  s t a n d i n g  
wave p a t t e r n  ahead o f  t h e  i n t e r f a c e .  Observe t h a t  
t h e  magnl tude o f  t h e  p r e s s u r e  inc reases  l n s l d e  t h e  
m a t e r l a l .  
a r e  assumed t o  be zero so t h a t  c X  
The 
Exper lmenta l  A x l a l  Pressure P r o f i l e  - Hersh 
P r o p e r t l e s  
The normal lzed  rms pressure  f r o m  Table 1 a r e  
p l o t t e d  a g a l n s t  a x l a l  d l s t a n c e  I n  F i g .  6 and com- 
pared t o  t h e  f l n l t e  element s o l u t l o n  o f  Eq. ( 2 8 ) .  
The m a t e r i a l  p r o p e r t i e s  were eva lua ted  u s l n g  Hersh 's  
c o r r e l a t i o n 4  w l t h  
P r  = 0.71 
y = 1.4 d l  = 1.25410-5 m 
U '  = 1.51E-05 m2/sec 
vp = 1.0 Vn = 0.44 Tn = 1.0 
and c = 0.9945 
and found t o  be 
c x  = 1.0055 -10.0996 (44)  
cy = 1.0055 -10.1131 (45)  
= 1.0004 -40.0479 (46)  
As seen i n  F i g .  6, t h e  t h e o r y  and exper lment  a r e  
I n  reasonab le  agreement. The magnl tude o f  t h e  
6 
ent rance s t a n d l n g  wave I s  I n  c l o s e  agreement 
a l though a s l i g h t  s h i f t  i n  t h e  p a t t e r n  I s  seen. 
The s t a n d l n g  wave p a t t e r n  determines t h e  r e f l e c t e d  
wave. The f a l l  o f f  o f  p ressure  I n  t h e  c e n t r a l  por- 
t i o n  o f  t h e  d u c t  i s  a l s o  handled reasonably  w e l l .  
However, t h e  pressure  r i s e  a t  t h e  e x l t  i s  over  
es t imated  a l t h o u g h  t h e  proper  t r e n d  I s  p r e d l c t e d .  
l h e  s l i g h t  s t a n d i n g  wave p a t t e r n  i n  t h e  e x l t  
d u c t  d a t a  i s  a r e s u l t  of r e f l e c t i o n s  o f f  t h e  absorb- 
i n g  wedge i n  t h e  t e s t  s e c t i o n  horn.  
theory  assumes t h a t  t h e r e  I s  no r e f l e c t e d  energy a t  
t h e  e x i t ,  a downstream s t a n d l n g  wave p a t t e r n  cannot, 
o f  course, a r i s e  I n  a n a l y t l c a l  p r e d i c t i o n s .  The 
absence o f  r e f l e c t e d  energy a t  t h e  d u c t  e x i t  i n  the 
t h e o r y  may account  f o r  t h e  s h i f t  i n  t h e  p r e d i c t e d  
s t a n d i n g  wave p a t t e r n  a t  t h e  en t rance.  
I n  a d u c t  can be w r l t t e n  as 
S ince  t h e  
I t  can be shown t h a t  t h e  s t a n d l n g  wave p a t t e r n  
where R f  i s  t h e  magnitude o f  t h e  t e r m l n a t l o n  
r e f l e c t i o n  c o e f f i c i e n t  and ef i s  t h e  r e f l e c t i o n  
c o e f f i c i e n t  phase ang le .  
has a mlnlmum va lue  when 
The s t a n d l n g  wave p a t t e r n  
cos(2kxmin + e ) = -1 f 
o r  
f 2kxmin = -(2n-1) - e 
(48) 
(49)  
whlch a p p l i e s  when t h e  a x l a l  c o o r d i n a t e  ge ts  more 
p o s i t i v e  toward  t h e  t e r m l n a t l o n .  A measurement of  
t h e  t e r m i n a t i o n  r e f l e c t i o n  c o e f f i c i e n t  a t  1560 Hz 
shows t h a t  ef = -0.45 v,  whlch r e s u l t s  I n  a s h l f t  
o f  t h e  minima towards more p o s i t i v e  va lues by about 
0.67 a x i a l  u n l t s .  The d a t a  p o i n t s  agree w l t h  the 
d i r e c t i o n  o f  t h i s  s h i f t  b u t  t h e  measurements shown 
I n  F l g .  6 have about  a 0.5 a x l a l  u n l t  s h i f t  compared 
t o  t h e  t h e o r y  which i s  o n l y  a 0.17 a x i a l  u n i t  d l f -  
fe rence.  T h i s  d l f f e r e n c e  I s  w i t h i n  t h e  accuracy of 
t h e  microphone measurements. 
Exper imenta l  A x i a l  Pressure P r o f i l e s  - M o d l f l e d  
- Hersh P r o p e r t l e s  
Other  o b s e r v a t l o n s  suggest t h a t  Hersh ls  empir- 
i c a l  c o e f f l c i e n t  u c o u l d  be u n d e r e s t i m a t i n g  v l s -  
cous e f f e c t s .  Us ing an impedance tube, Dahl and 
R ice2 r e p o r t e d  l a r g e r  measured a b s o r p t l o n  than 
p r e d l c t e d  w l t h  t h e  Hersh modal I n  t h e  1500 Hz 
f requency range.  Consequently, t o  check t h e  sens l t -  
l v l t y  of t h e  p r e d l c t l o n s  t o  t h e  v iscous  l o s s  coef- 
f l c l e n t  U ,  t h e  imag inary  component o f  c has been 
Increased t o  
G X  = c y  = 1.0055 -10.21335 (50) 
A s  seen I n  F l g .  7, t h e  t h e o r y  and exper iment  a re  I n  
b e t t e r  agreement a t  t h e  e x i t .  
t h e o r y  may o f f e r  an a t t r a c t i v e  t h e o r e t l c a l  approach 
t o  e v a l u a t l n g  v lscous  l o s s  c o e f f l c l e n t s  I n  b u l k  
absorbers.  
The p r e s e n t  numer ica l  
Conclud lnq Remarks 
The f l n i t e  element model was developed t o  so lve 
f o r  t h e  a c o u s t i c  p ressure  f i e l d  I n  a r e g i o n  t h a t  
was nonhomogeneous. The d e r l v a t l o n s  f r o m  t h e  gov- 
e r n i n g  equat lons  assumed no mean f l o w  and t h a t  t h e  
m a t e r i a l  p r o p e r t i e s  c o u l d  v a r y  w l t h  p o s l t l o n  
r e s u l t i n g  I n  a nonhomogeneous v a r i a b l e  p r o p e r t y  two- 
d imens iona l  wave equat ion .  T h i s  e l i m i n a t e d  t h e  
n e c e s s i t y  o f  f l n d l n g  t h e  boundary c o n d l t i o n s  between 
t h e  d i f f e r e n t  m a t e r i a l s .  Consequently, complex 
s t r u c t u r e  can be e a s i l y  modeled s imp ly  by changing 
t h e  p r o p e r t y  o f  elements i n  t h e  c a l c u l a t i o n a l  
domain. 
For  a two medla r e g i o n  c o n s i s t i n g  a p a r t  a i r  
and p a r t  b u l k  absorber ,  a model was used t o  d e s c r i b e  
t h e  b u l k  absorber  p r o p e r t i e s  i n  two d i r e c t i o n s .  An 
exper iment  t o  v e r i f y  t h e  numer ica l  t h e o r y  was con- 
ducted I n  a r e c t a n g u l a r  d u c t  w l t h  no f l o w  and w i t h  
absorb lng  m a t e r l a l  mounted on one w a l l .  Changes I n  
t h e  sound f i e l d ,  c o n s i s t i n g  o f  p l a n a r  waves, was 
measured on t h e  w a l l  o p p o s l t e  t h e  absorb lng  mate- 
r i a l .  As a f u n c t i o n  o f  d i s t a n c e  a l o n g  t h e  d u c t ,  
f a i r l y  good agreement was found I n  t h e  s t a n d i n g  
wave p a t t e r n  upst ream o f  t h e  absorber  and i n  t h e  
decay o f  p r e s s u r e  l e v e l  o p p o s i t e  t h e  absorber .  
t o  use and appears t o  g i v e  a c c u r a t e  model lng o f  
exper imenta l  da ta .  The t h e o r y  may be a u s e f u l  t o o l  
I n  t h e  e v a l u a t l o n  o f  v lscous  l o s s  c o e f f i c i e n t s  I n  
b u l k  m a t e r l a l s .  
The numer ica l  f o r m u l a t i o n  I s  r e l a t l v e l y  s imp le  
1. 
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TABLE 1 
P o s t  t i  on 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
1 8  
19 
20 
21 
22 
23 
24 
x/3.81 
0.00 
. 5  
. 15  
1 .oo 
1.25 
1.5 
1.75 
2.00 
2.25 
2.50 
2.15 
3.00 
3.25 
3.50 
3.75 
4.417 
4.667 
4.917 
5.167 
5.417 
5.667 
5.917 
6.167 
PB/PA t 
rms 
1 .o 
1 . l o 5  
1.078 
.9904 
.8655 
.7066 
.5791 
.5358 
.6013 
-7428 
.E87 I 
I .004 
I .077 
I .088 
I .049 
.7495 
.6395 
.5510 
.4882 
. 4  386 
.3900 
.3296 
.2599 
Post t i  on 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
x/3.81 
6.417 
6.667 
6.917 
7.167 
7.417 
7.667 
7.917 
8.167 
8.833 
9.083 
9.333 
9.583 
9.833 
10.083 
10.333 
10.583 
10.833 
11.083 
11.333 
11.583 
11 .833 
12.083 
12.333 
12.583 
PB/PA, 
rms  
0.1793 
.0990 
.0723 
.1304 
.1983 
.2541 
.3009 
.3383 
.3944 
.3981 
.3929 
.3790 
.3582 
.3323 
.3141 
.3078 
.3155 
.3332 
.3563 
.3817 
.3934 
.3960 
-3894 
.3138 
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FIGURE 4. - MICROPHONE TEST PLATE AND MOUNTED FIBROUS ABSORBER. 
11 
E 1 = l  p 1 = 1 E 2 = 4  p 2 = 1  I -w 
0 NUMERICAL SOLUTION 
I I I 1 I I 
F I N I T E  ELEMENT THEORY 
0 EXPERIMENTAL DATA 
h/ 
I I I I I I  1 ' 7  I I I I I I I 0 
-1 0 2 4 6 8 10 12 14 
AXIAL COORDINATE, X 
FIGURE 6.  - EXPERIMENTAL AND THEORETICAL AXIAL PRESSURE 
PROFILE WITH PROPERTICS FROM HERSH's MODEL (0  = 1.047). 
F I N I T E  ELEMENT THEORY 
0 EXPERIMENTAL DATA 
0 0  
1'4 
O L  I I ' I ' I ' I I I I I 
-1 0 2 4 6 8 10 12 
AXIAL COORDINATE. X 
FIGURE 7. - EXPERIMENTAL AND THEORETICAL AXIAL PRESSURE 
PROFILE WITH PROPERTIES FROM MODIFIED HERSH's MODEL 
to = 1.047). 
..4 
1. Report No. 2. Government Accession No. 
National Aeronautics and Report Documentation Page 
3. Recipient's Catalog No. 
NASA TM-100149 
4. Title and Subtitle 
A F i n i t e  Element Model f o r  Wave Propagation 
i n  an Inhomogeneous Ma te r ia l  I nc lud ing  
5. Report Date 
6. Performing Organization Code 
Experimental -Va l i da t i on  
7. Author@) 
Kenneth J. Baumeister and M i l o  D .  Dah1 
505-62-21 
8. Performing Organization Report No. 
1 E-347'1 
9. Performing Organization Name and Address 
Nat iona l  Aeronautics and Space Admin is t ra t ion  
I-ewi s Research Center 
12. Sponsoring Agency Name and Address 
Cleveland, Ohio 44135 - 
11. Contract or Grant No. 
13. Type of Report and Period Covered 
Technical  Memorandum 
Nat iona l  Aeronautics and Space Admin is t ra t ion  
Washington, D.C. 20546 
17. Key Words (Suggested by Author(s)) 
F i n i t e  element 
Bulk absorbers 
Ac ou s t i c s 
Kevlar 
14. Sponsoring Agency Code  
18. Distribution Statement 
Unc lass i f i ed  - u n l i m i t e d  
STAR Category 70 
I 
15. Supplementary Notes 
Prepared f o r  the  11th Aeroacoustics Conference sponsored by the  American 
I n s t i t u t e  o f  Aeronautics and Ast ronaut ics ,  Sunnyvale, C a l i f o r n i a ,  October 19-21, 
1987. 
19. Security Classif. (of this report) 
Unc lass i f  fed 
16. Abstract 
A f i n i t e  element model was developed t o  so lve f o r  the  acous t ic  pressure f i e l d  i n  
a nonhomogeneous region. 
t h a t  the m a t e r i a l  p roper t i es  could vary w i t h  p o s i t i o n  r e s u l t i n g  i n  a nonhomogene- 
ous v a r i a b l e  proper ty  two-dimensional wave equation. This  e l im ina ted  the  neces-- 
s i t y  o f  f i n d i n g  t h e  boundary cond i t ions  between the d i f f e r e n t  ma te r ia l s .  
two media reg ion  cons is t ing  o f  p a r t  a i r  ( i n  the duct )  and p a r t  bu l k  absorber ( i n  
the w a l l ) ,  a model was used t o  descr ibe the bu lk  absorber p roper t i es  i n  t w o  
d i r e c t i o n s .  An experiment t o  v e r i f y  the numerical theory was conducted i n  a 
rec tangu lar  duct  wi th no f l o w  and absorbing ma te r ia l  mounted on one w a l l .  
Changes i n  the  sound f i e l d ,  cons i s t i ng  o f  p lanar  waves was measured on the w a l l  
opposi te  the absorbing ma te r ia l .  
f a i r l y  good agreement was found i n  the s tanding wave p a t t e r n  upstream o f  the 
absorber and i n  the decay o f  pressure l e v e l  opposi te  the  absorber. 
The de r i va t i ons  f rom the  governing equat ions assumed 
For a 
As a f u n c t i o n  o f  d is tance along the  duct ,  
20. Security Classif. (of this page) 21. No of pages 22. Price' 
Unc lass i f i ed  1 4  A02 
NASA FORM 1626 OCT 86 *For sale by the National Technical Information Service, Springfield, Virginia 221 61 
~ ~~ ~ 
